Introduction {#Sec1}
============

Ecological interactions create selection pressures that may change those very interactions. Such eco-evolutionary feedback can induce rich coevolutionary dynamics including cyclic coevolution (e.g., Dieckmann et al. [@CR9]; Dieckmann and Law [@CR8]), adaptive radiation (e.g., Ackermann and Doebeli [@CR1]; Egas et al. [@CR14]), adaptive speciation (e.g., Dieckmann and Doebeli [@CR7]; Dieckmann et al. [@CR10]; Rundle and Nosil [@CR36]), taxon cycles (e.g., Kisdi et al. [@CR28]; Ito and Dieckmann [@CR24]), and community formation (e.g., Loeuille and Loreau [@CR30]; Dieckmann et al. [@CR11]; Ito et al. [@CR27]; Takahashi et al. [@CR37]). To arrive at tractable descriptions of such evolutionary dynamics, the assumption is often made that mutation rates are low relative to the timescale of population dynamics. This assumption reduces the evolutionary dynamics to a trait-substitution sequence resulting from repeated mutant invasions (Metz et al. [@CR33], [@CR34]; Dieckmann and Law [@CR8]). Such invasions potentially bring about various outcomes: most often, (1) extinction of only the resident that is parental to the mutant, and more rarely, (2) coexistence of the mutant with all residents, or (3) other combinations of extinctions of the parental resident, non-parental residents, and mutant.

It has been proved that when for all residents all potentially invading mutants are subject to directional selection and the resulting perturbations to the system are sufficiently weak, as measured by the product of fitness gradients and mutational step sizes relative to the return rate to their population-dynamical equilibrium before the invasion, invading mutants replace their parental residents---a statement referred to as the invasion--implies--substitution theorem (Geritz [@CR15]; Dercole and Rinaldi [@CR6]). The resulting trait-substitution sequences describe directional coevolution, characterized well by a set of ordinary differential equations called the canonical equations of adaptive dynamics theory (Dieckmann and Law [@CR8]), which have a form similar to Lande's equations of quantitative genetics theory (Lande [@CR29]).

Eventually, directional coevolution may take some residents to the neighborhood of peaks, troughs, or saddles of the community's fitness landscape, which means that those populations experience very weak directional selection. Here, an invading mutant may coexist with its parental resident, which may be followed by diversifying evolution of the two morphs, called evolutionary branching (Metz et al. [@CR34]). If the community has a one-dimensional trait space and a single resident, necessary and sufficient conditions for its evolutionary branching into two distinct residents have been obtained (Metz et al. [@CR34]; Geritz et al. [@CR17]).

On the other hand, for higher-dimensional traits or more than one resident, obtaining formal conditions for the occurrence of evolutionary branching is difficult (but see Ito and Dieckmann ([@CR26]) for a special case). This is largely because in these more complex community dynamics it is not easy to analyze the outcomes of mutant invasions (Metz et al. [@CR34]). This difficulty may be reduced when the population dynamics can be approximated by Lotka--Volterra (LV) models, which are analytically more tractable and have been studied well (e.g., Zeeman [@CR39]; Hofbauer and Sigmund [@CR22]). The LV-approximation is possible when all existing residents and the mutant are similar to each other, so that they form a single phenotypic cluster (Meszéna et al. [@CR32]; Durinx et al. [@CR13]), which yields an expression for the invasion-fitness function in terms of resident and mutant phenotypes that is given by a rational function. By using this rational form, considerable progress in deriving conditions for multidimensional evolutionary branching has recently been made (Geritz et al. [@CR19]; Sect. [9.3](#Sec28){ref-type="sec"}).

Dercole and Rinaldi ([@CR6]) proved that the LV-approximation holds also when all of the existing residents are not similar to each other, i.e., when every cluster has only a single resident, and their initial equilibrium population densities are not small. (Although such limiting assumptions for residents are not made in their proof, these assumptions are required when we consider trait-substitution sequences, as explained in Sect. [4.4](#Sec14){ref-type="sec"}). Thus, the remaining cases to be analyzed are (a) only some residents are similar to each other and (b) the population densities of some residents are very small so that they may go extinct as a result of the invasion. Both cases are likely to occur in multispecies coevolution, including processes involving multiple evolutionary branching and taxon cycles, commonly observed in numerical simulations of trait-mediated community dynamics (e.g., Doebeli and Dieckmann [@CR12]; Ito and Dieckmann [@CR24]). Therefore, the goal of the present paper is to obtain formal conditions for ensuring the LV-approximation for an arbitrary set of residents, including the aforementioned two cases. Based on the obtained conditions, the invasion--implies--substitution theorem can be extended to a mutant with an arbitrary set of residents.

The next section, Sect. [2](#Sec2){ref-type="sec"}, formulates a set of axioms that are expected to hold for ecologically plausible differential equations describing trait-mediated community dynamics. Section [3](#Sec5){ref-type="sec"} derives a condition for ensuring the LV-approximation. Sections [4](#Sec10){ref-type="sec"} and [5](#Sec15){ref-type="sec"} derive sufficient conditions for satisfying this condition, in terms of properties of the fitness-generating function and mutational step sizes. Section [6](#Sec20){ref-type="sec"} explains how the thresholds for the obtained sufficient conditions can be improved further. Section [7](#Sec21){ref-type="sec"} shows how to examine the obtained sufficient conditions for a specific ecological model. Section [8](#Sec24){ref-type="sec"} extends the invasion--implies--substitution theorem.

Framework and assumptions {#Sec2}
=========================

Axioms for fitness-generating functions {#Sec3}
---------------------------------------
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The smoothness axiom (i) follows from the assumption that the population-dynamical behavior of individuals depends smoothly on their traits and that all ecological interactions are instantaneous. The latter assumption is implicit in the assumption that the per capita growth rate depends only on the arguments $\documentclass[12pt]{minimal}
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Population dynamics triggered by mutant invasion {#Sec4}
------------------------------------------------

We assume that the community is at a locally stable equilibrium $\documentclass[12pt]{minimal}
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### **Proposition 1** {#FPar1}
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The remainder of this paper is devoted to making precise the, very general, conditions under which this proposition holds, and to calculating the corresponding error bounds. Important variables and parameters used in our analysis are shown in Table [1](#Tab1){ref-type="table"}. Table 1List of notation for parameters, phenotypes, population densities, fitness functions, and other quantitiesParameterFormulaExplanationLocation*Important parameters*$\documentclass[12pt]{minimal}
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Linear approximation of the fitness-generating function {#Sec5}
=======================================================

Basic idea {#Sec6}
----------

The root of the LV-approximability is the exchangeability axiom (iv) combined with the smoothness axiom (i). Under the exchangeability axiom (iv), the fitness-generating function does not distinguish individuals with identical phenotypes. Hence, the function responds only to the sum of their densities. Under the smoothness axiom (i), this property is approximately inherited by slightly different phenotypes; the fitness-generating function responds primarily to the sum of their densities. In the remainder of this paper, we will work out how to lowest order of approximation the fitness-generating function responds linearly to the separate contributions to this sum, leading to the LV-approximation.

To get a more specific picture, we first suppose that there exist only two phenotypes, a resident phenotype $\documentclass[12pt]{minimal}
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On the other hand, as the mutant is similar to the resident, due to the smoothness and exchangeability property of the fitness-generating function, they act almost like a single phenotype in their effect on the environment. Thus, invasion by the mutant in many cases causes only a slight change in their total population density $\documentclass[12pt]{minimal}
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Approximate phenotypes {#Sec7}
----------------------
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### **Lemma 1** {#FPar2}
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### **Lemma 2** {#FPar3}
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Taylor expansion in the population densities of the original phenotypes {#Sec9}
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By combining the equations above with Lemma [2](#FPar3){ref-type="sec"}, and by using Eq. ([2.3](#Equ3){ref-type=""}), we get
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Approximability condition when the population densities of the approximate phenotypes are large {#Sec10}
===============================================================================================
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Dynamics of approximate phenotypes {#Sec11}
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Transformation into perturbed community {#Sec12}
---------------------------------------

For convenience, Eq. ([4.1a](#Equ22){ref-type=""}) is rewritten in vector--matrix form as$$\documentclass[12pt]{minimal}
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### **Lemma 3** {#FPar5}
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See Appendix [C](#Sec36){ref-type="sec"} for the proof. Notice that $\documentclass[12pt]{minimal}
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Local Lyapunov function {#Sec13}
-----------------------

If the perturbation term is neglected in Eq. ([4.3a](#Equ26){ref-type=""}), i.e., $\documentclass[12pt]{minimal}
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To simplify the analysis, we introduce a new vector $\documentclass[12pt]{minimal}
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Stability condition under perturbation {#Sec14}
--------------------------------------
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### **Lemma 6** {#FPar9}
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In evolutionary dynamics determined by trait-substitution sequences, i.e., induced by repeated mutant invasions, when the fitness gradients for all residents are sufficiently strong, so that the coexistence of a mutant and its parental resident is impossible for any resident (as explained in Sect. [8](#Sec24){ref-type="sec"}), each of the resident phenotypes is not similar to any other. Then, $\documentclass[12pt]{minimal}
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According to Eq. ([4.3b](#Equ27){ref-type=""}), the leading eigenvalue also becomes close to zero when initial equilibrium densities of some residents are small. Analogously to the above case of similar residents, while this problem is seemingly avoided in Dercole and Rinaldi ([@CR6]) by assuming sufficiently small mutational step sizes, it inevitably occurs in trait-substitution sequences in which residents gradually go extinct. Hence, their proof fails to cover all the cases that one may wish to consider (and are actually considered in their book).

Approximability condition when the population densities of some approximate phenotypes are small {#Sec15}
================================================================================================
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Transformation into perturbed community {#Sec16}
---------------------------------------
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### **Lemma 7** {#FPar11}
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See Appendix [C.1](#Sec37){ref-type="sec"} for the proof.

We now consider situations in which $\documentclass[12pt]{minimal}
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### **Lemma 8** {#FPar12}
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### *Proof* {#FPar13}
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In addition, the following lemma is proved in Appendix [G](#Sec51){ref-type="sec"}.
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### **Corollary 1** {#FPar18}
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Generalization to higher-dimensional trait spaces {#Sec19}
-------------------------------------------------

Theorems [1](#FPar4){ref-type="sec"}--[3](#FPar17){ref-type="sec"} and Corollary [1](#FPar18){ref-type="sec"} apply to one-dimensional trait spaces. These results readily generalized to trait spaces of arbitrary dimensions by a slight modification of the analyses so that the derivative of the fitness function with respect to a phenotype in the one-dimensional trait space is replaced with the corresponding directional derivative in the higher-dimensional trait space, as shown in Appendix [I](#Sec53){ref-type="sec"}.

Tighter estimates {#Sec20}
=================
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Example: Approximability condition for a resource-competition model {#Sec21}
===================================================================

In this section, we give a simple example of how to examine the approximability condition in a specific ecological model.

Model description {#Sec22}
-----------------
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Approximability condition {#Sec23}
-------------------------

As a simplest example for the approximability condition in this model, we consider invasion by a mutant phenotype $\documentclass[12pt]{minimal}
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Application: Extending the invasion--implies--substitution theorem {#Sec24}
==================================================================

The derived stability conditions and resultant Lotka--Volterra approximation can be used to analyze the community dynamics triggered by a mutant invasion. In this section, we apply them to extend the invasion--implies--substitution theorem (Dercole and Rinaldi [@CR6], Appendix B) to an arbitrary set of resident phenotypes that form well-recognizable and -separated clusters in a one-dimensional trait space; see Appendix [K](#Sec57){ref-type="sec"} for details.
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Discussion {#Sec25}
==========

As explained in the beginning of this paper, ecological interactions engender various evolutionary dynamics, including cyclic coevolution, adaptive radiation, adaptive speciation, taxon cycles, and community formation. To analyze how ecological interactions induce selection pressures that drive such dynamics, the following two assumptions are often made (Metz et al. [@CR33], [@CR34]; Dieckmann and Law [@CR8]). First, mutation rates are sufficiently small relative to the timescale of the population dynamics, so that the evolutionary dynamics are reduced to trait-substitution sequences resulting from repeated mutant invasions. Second, mutational step sizes are sufficiently small, so that a mutant invasion typically results in an equilibrium phenotype distribution similar to that before the invasion. The latter is called attractor inheritance (Geritz et al. [@CR18]). In such cases, each mutant invasion modifies the fitness landscape only slightly. The fitness landscape can then be treated as a smooth function of resident phenotypes at equilibrium population densities, enabling effective analyses of directional coevolution (Dieckmann and Law [@CR8]) and diversification through evolutionary branching (Metz et al. [@CR33], [@CR34]; Geritz et al. [@CR16], [@CR17]). Using the concept of approximate phenotypes introduced in the present paper, attractor inheritance can be translated into the smallness of changes of the population densities of approximate phenotypes during the transient population dynamics following mutant invasion, toward the next population-dynamical equilibrium.

Conditions for attractor inheritance {#Sec26}
------------------------------------

Prior to our analyses in the present paper, qualitative conditions for attractor inheritance have been proved for sufficiently small mutational step sizes in the following two cases: (1) all residents and the mutant are similar to each other (Geritz et al. [@CR18]; Meszéna et al. [@CR32]; Durinx et al. [@CR13]), or (2) no two residents are similar to each other and their initial equilibrium population densities are not small (Dercole and Rinaldi [@CR6], Appendix B). In this paper, we have derived quantitative conditions for attractor inheritance for a set of residents and a mutant, by clustering them according to a threshold phenotypic distance into approximate phenotypes. The conditions ensuring attractor inheritance, i.e., the approximability conditions in Theorems [2](#FPar10){ref-type="sec"} and [3](#FPar17){ref-type="sec"}, establish relationships among the magnitudes of the mutational step size, the return rate to an equilibrium of the population dynamics of approximate phenotypes, the nonlinearity of the population dynamics, and the perturbation due to within-cluster population dynamics. These conditions are especially important when finite, rather than infinitesimally small, mutational step sizes are required for analyzing the considered evolutionary dynamics, such as when investigating evolutionary suicide (Gyllenberg and Parvinen [@CR20]) and evolutionary branching of directionally evolving populations (Ito and Dieckmann [@CR25], [@CR26]). A next step would be to analyze whether it is really possible to satisfy the approximability condition, or rather, whether the condition can be satisfied with not too large error bounds in all but a set of theoretically possible but practically irrelevant cases. Although we here have considered only deterministic population dynamics, the impact of demographic stochasticity on trait-substitution sequences (Geritz et al. [@CR18]) can be considered using the same framework we have introduced here, by subsuming its effect in the perturbation terms.

Assumption of well-recognizable and -separated phenotypic clusters {#Sec27}
------------------------------------------------------------------

Our analysis assumes that the number $\documentclass[12pt]{minimal}
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In principle, ODE population models should be seen as large-system-size limits of stochastic individual-based models. Generally, the larger the number of coexisting phenotypes, the slower is the convergence to the ODE limit. Thus, for all practical purposes, ODE models with very large numbers of phenotypes can be left out of the picture. If we do so, the finiteness of the number of existing phenotypes, $\documentclass[12pt]{minimal}
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However, if a system has long chains of phenotypes in which the distances between any two consecutive members of the chain are small but the distance between the ends of the chain is large, we have no way to cluster them so that $\documentclass[12pt]{minimal}
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Fortunately, there is effectively no chance of such configurations occurring in ongoing evolutionary dynamics with sufficiently small mutational step sizes as in such dynamics closely similar phenotypes only occur in the early stages of evolutionary branching. (The local coexistence regions that can occur in higher-dimensional trait spaces around the zero fitness contour for particular residents are that narrow that the chance of a mutant landing in them is practically negligible. The more so since the far more common mutants landing outside these coexistence regions will oust all those inside the regions, so there is no chance of the number of coexisting similar phenotypes ever becoming large (Durinx et al. [@CR13]).) Finally, of phenotypes that evolve towards each other, only one will survive due to competitive exclusion. Therefore, the assumption of well-recognizable and -separated phenotypic clusters is warranted except for a fraction of cases that will be encountered only very exceptionally, as well as transiently, in the scenarios that have our interest.

LV-approximation for analyzing evolutionary branching in multidimensional trait spaces {#Sec28}
--------------------------------------------------------------------------------------

As shown in Sect. [3](#Sec5){ref-type="sec"}, attractor inheritance in approximate phenotypes directly enables LV-approximations of the population dynamics of the original phenotypes before clustering, similar to the previous studies (Meszéna et al. [@CR32]; Dercole and Rinaldi [@CR6]; Durinx et al. [@CR13]). The derived LV-approximations may be especially useful for extending conditions for evolutionary branching from one-dimensional trait spaces to higher-dimensional trait spaces. In two-dimensional trait spaces, various numerical analyses have shown that phenotypes that are strongly convergence stable, but not evolutionarily stable, also known as strongly attracting invadable ESSes, induce evolutionary branching (e.g., Vukics et al. [@CR38]; Ackermann and Doebeli [@CR1]; Egas et al. [@CR14]; Ravigné et al. [@CR35]; Ito and Dieckmann [@CR25]). Those phenotypes are fixed-point attractors that can be attained by directional evolution causing the convergence of a monomorphic population (Leimar [@CR40]) to them, with sufficient proximity of a set in $\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathcal{\mathcal{S}}^{2} $$\end{document}$ enabling the emergence of dimorphisms followed by directional evolution causing the divergence of the two morphs. However, whether an emergent polymorphism can evolutionarily diversify further into visually distinct morphs without collapse has not been proved until recently for higher-dimensional trait spaces. Based on the rational form of invasion-fitness functions in terms of existing phenotypes, which has been derived by LV-approximation (Durinx et al. [@CR13]), Geritz et al. ([@CR19]) derived a set of conditions that ensure that such diversifying evolution does not collapse in trait spaces of arbitrary dimension, by describing the initial diversifying evolution with coupled Lande equations (Lande [@CR29]). While those conditions are satisfied by strongly attracting invadable ESSes in two-dimensional trait spaces, the higher-dimensional cases remain to be analyzed further (Geritz et al. [@CR19]).

Axioms for fitness functions {#Sec29}
----------------------------

The analyses in this paper are based on a set of axioms for the fitness-generating functions characterizing ecologically plausible differential equations describing trait-mediated community dynamics. Our set of axioms are similar to the set of properties assumed in Dercole ([@CR41]), which are used by him to derive a general procedure for formulating population-dynamical models resulting from individual pairwise interaction. Properties 1, 2, and 3 in Dercole ([@CR41]) are identical to our axiom (iii), (iv), and (ii), respectively, while property 4 in Dercole ([@CR41]) corresponds to our axiom (i). Dercole's property 4, however, delimits a smaller class of models than ours.

The symmetry axiom (ii) and the reducibility axiom (iii) are no more than consistency conditions, as is the exchangeability axiom (iv). The latter axiom, however, is together with the remaining smoothness axiom (i) and bounded-world axiom (v) the root cause of the Lotka--Volterra approximabiliy. Indeed, Lemma [1](#FPar2){ref-type="sec"}, which is central for deriving the condition for attractor inheritance and LV-approximation, is proved by applying those three axioms (Appendix [A](#Sec30){ref-type="sec"}). While the bounded-world axiom (v) seems to be well grounded in reality, the smoothness axiom (i) may not hold in an exact sense, because it assumes that the population-dynamical behavior of individuals depends smoothly on their traits and that all ecological interactions are instantaneous. This instantaneousness can arise when the timescale of the life-history dynamics among individuals is much faster than that of their population dynamics. Durinx et al. ([@CR13]) have proved attractor inheritance and LV-approximation in physiologically structured models with multiple birth states, in which the timescales of life-history dynamics and population dynamics are not separated. This instills us with cautious optimism that the assumption of instantaneousness we have used in the present paper might be relaxed as well.

Appendix A: Proof of Lemma [1](#FPar2){ref-type="sec"} {#Sec30}
======================================================
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Appendix B: Derivation of Eq. ([3.3a](#Equ9){ref-type=""}) and proof of Lemma [2](#FPar3){ref-type="sec"} {#Sec31}
=========================================================================================================

B.1 Some preliminary estimates {#Sec32}
------------------------------
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B.2 Proof of Eq. ([3.3f](#Equ14){ref-type=""}) {#Sec33}
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B.3 Proof of Lemma [2](#FPar3){ref-type="sec"} {#Sec34}
----------------------------------------------
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Here we prove Eq. ([B.16](#Equ109){ref-type=""}). Analogously to Appendix [A](#Sec30){ref-type="sec"}, we start from the observation that by the smoothness axiom (i) and bounded-world axiom (v) there exists a constant $\documentclass[12pt]{minimal}
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Appendix E: Proof of Lemma [4](#FPar6){ref-type="sec"} {#Sec40}
======================================================

We first prove three simple cases: all eigenvalues are (1) distinct, (2) the same real number, or (3) the same complex number, and then combine them for proving the general case.
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E.4 General case {#Sec44}
----------------
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Appendix F: Derivation of Eq. ([5.4a](#Equ46){ref-type=""}) {#Sec45}
===========================================================

F.1 Adjustment of equilibrium point {#Sec46}
-----------------------------------
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From Eq. ([5.6b](#Equ53){ref-type=""}) in the main text and Eqs. ([F.28](#Equ209){ref-type=""}) to ([F.31](#Equ212){ref-type=""}), we see$$\documentclass[12pt]{minimal}
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Appendix H: Derivation of Eq. ([5.8c](#Equ60){ref-type=""}) {#Sec52}
===========================================================
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Appendix I: Generalization to higher-dimensional trait spaces {#Sec53}
=============================================================

Throughout the manuscript, the dimensionality of the considered trait space matters only when the fitness function (or its derivatives with respect to population densities or phenotypes) is Taylor expanded, as in Eqs. ([A.11](#Equ90){ref-type=""}), ([B.10](#Equ103){ref-type=""}), ([B.23](#Equ116){ref-type=""}), ([C.1](#Equ125){ref-type=""}), and ([C.8](#Equ132){ref-type=""}), for a non-representative phenotype $\documentclass[12pt]{minimal}
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Appendix J: Tighter estimates {#Sec54}
=============================

J.1 Main derivation {#Sec55}
-------------------
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Appendix K: Proof of Eq. ([8.2](#Equ78){ref-type=""}) {#Sec57}
=====================================================

K.1 Main proof {#Sec58}
--------------
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Appendix L: Derivation of functional response and error estimates in Sect. [7](#Sec21){ref-type="sec"} {#Sec60}
======================================================================================================

L.1 Functional response {#Sec61}
-----------------------
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Notice that the derivation of Eq. ([L.1](#Equ275){ref-type=""}) in Ito et al. ([@CR27]) implicitly assumes that an individual searching resources engages in interference competition not only with the other individuals searching resources but also with individuals handling resources. Even when interference competition occurs only among individuals searching resources, a functional response can be derived by applying the "Holling square argument" (Heesterbeek and Metz [@CR21]), but in a different form from Eq. ([L.1](#Equ275){ref-type=""}). Eq. ([L.1](#Equ275){ref-type=""}) can be transformed into$$\documentclass[12pt]{minimal}
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